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Abstract
The recursion relations of 2D quantum gravity coupled to the Ising
model discussed by the author previously are reexamined. We study
the case in which the matter sector satisfies the fusion rules and only
the primary operators inside the Kac table contribute. The theory
involves unregularized divergences in some of correlators. We obtain
the recursion relations which form a closed set among well-defined
correlators on sphere, but they do not have a beautiful structure that
the bosonized theory has and also give an inconsistent result when
they include an ill-defined correlator with the divergence. We solve
them and compute the several normalization independent ratios of the
well-defined correlators, which agree with the matrix model results.
1E-mail address : hamada@theory.kek.jp
1 Introduction
In conformal gauge, 2D quantum gravity is described as the Liouville the-
ory coupled to matter field [1–11]. The Liouville field gives the gravitational
dressing to ensure the general covariance. As a matter sector we take a con-
formal field theory (CFT). In general CFT has the finite number of primary
fields and they satisfy the fusion rules [12]. However, in the matrix model
approach the violation of the fusion rules is observed [13, 14]. This problem
is overcome by using the bosonized fields for the matter sector [6, 7]. In this
case, as discussed by Kitazawa in ref. [6], the zero of the correlation function
for the matter sector, which represents the fusion rule, is canceled with the
divergence of the Liouville sector so that the combined correlaton function
becomes finite. And also the primary operators outside the Kac table no
longer decouple, which are identified with the gravitational descendants. We
can also derive the non-linear structures called W algebra constraints [15] as
the Ward identities [7] of the W∞ symmetry [8]. The formalism can be easily
extended to 2D quantum supergravity [11]. Anyway the bosonized theory
has the same beautiful structures as what the matrix model has.
At the first stage of 2D quantum gravity [1–5], however, we mainly con-
sidered the usual CFT satisfying the fusion rules and reached the good agree-
ment with the matrix model results. Here we reconsider the situation that
the fusion rules are maintained and observe how well such a agreement is.
As a concrete example to study such an issue we take up the Liouville
gravity coupled to the Ising model. The Ward identities of this system have
been discussed by the author previously [5]. Here we reexamine and make
clear the previous arguments and complete the calculations. Some of corre-
lators in this theory become ill-defined due to appearance of unregularized
divergences. The Ward identity is then well-defined if all correlators involved
in it are well-defined, but gives an inconsistent result when an ill-defined cor-
relator appears in the expression.
The Ward identities of the system satisfying the fusion rules are rather
tricky. In the bosonized theory there exists the BRST invariant W∞ cur-
rent [8, 10], but in the non-bosonized theory such a current dose not exist.
So we here use a non-primary current like ∂φ, where φ is the Liouville field,
which leads to a complicated recursion relation. The derived recursion rela-
tion has a similar structure to the W algebra constraint [15]. We can regard
it as a deformed W algebra constraint due to keeping the fusion rules and
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setting the gravitational descendants located outside Kac table decoupled.
A closed set of recursion relations on sphere is obtained. They have the
three independent parameters related to the normalizations of three scaling
operators and explicitely depend on how to assign curvature singularities
which are here put on the scaling operators. But the solutions of them are
independent of how to choose the assignment. We obtain some solutions and
calculate the normalization independent ratios. The results agree with those
calculated in the other methods [13, 14, 6].
2 Quantum Liouville Theory coupled to Ising
Model
Two dimensonal quantum gravity is defined through the functional inte-
grations over metric tensor of 2D surface gαβ and matter fields. After fixing
the reparametrization invariance in conformal gauge g = eαIφgˆ, where φ is
the Liouville field and gˆ is the background metric, the theory is expressed
as the combined Liouville, matter and ghosts system defined by the action
S = SL + SM + SG. Here SL is the Liouville one
SL =
1
8pi
∫
d2z
√
gˆ(gˆαβ∂αφ∂βφ+QRˆφ) + µ
∫
d2zeαIφ (2.1)
and SM and SG are the matter and the bc-ghosts ones. In this paper we
argue only the Ising model as a matter sector for simplicity. In this case we
can derive the concrete results. The parameters Q and αI are then
Q =
7√
6
, αI =
3√
6
. (2.2)
The Ising model has the three primary states with conformal weights
∆ = 0, 1
16
, 1
2
. The fusion rules ,or operator product expansions (OPE) of the
primary fields are
ε(z, z¯)ε(0, 0) =
1
|z|2 ,
ε(z, z¯)σ(0, 0) =
Cεσσ
|z| σ(0, 0) , (2.3)
σ(z, z¯)σ(0, 0) =
1
|z|1/4 + Cεσσ|z|
3/4ε(0, 0) ,
2
where ε(z, z¯) is the energy density operator with weight (∆, ∆¯) = (1
2
, 1
2
) and
σ(z, z¯) is the spin field with weight ( 1
16
, 1
16
). The OPE coefficient is given by
Cεσσ =
1
2
[16]. Throughout paper we keep the above OPE’s.
The physical scaling operators are now given by dressing the matter pri-
mary fields I, σ and ε, where I denotes the identity, which are
OI =
∫
d2zeαIφ(z,z¯) , Oσ =
∫
d2zeασφ(z,z¯)σ(z, z¯) ,
Oε =
∫
d2zeαεφ(z,z¯)ε(z, z¯) , (2.4)
where ασ =
5
2
√
6
and αε =
1√
6
. αI is given in eq.(2.2). For the sake of
subsequent discussion we introduce the notations
Oa(z, z¯) = c¯(z¯)c(z)Va(z, z¯) , Oa =
∫
d2zVa(z, z¯) , (2.5)
where a = I, σ, ε.
Let us define the correlation functions of the Liouville gravity. According
to the argument of Goulian-Li in ref. [6], we first integrate over the zero mode
of the Liouville field. Then the correlation function is expressed by the free
field one
≪ O ≫g= κ−χµsΓ(−s)
αI
< O (OI)s >g , (2.6)
where g is genus of 2D surface and χ = 2 − 2g. The Γ-function comes from
the zero mode integral of φ. For
O =
n1∏
OI
n2∏
Oσ
n3∏
Oε (2.7)
s is given by
s =
1
αI
[
Q
2
χ− n1αI − n2ασ − n3αε
]
=
7
6
χ− n1 − 5
6
n2 − 1
3
n3 . (2.8)
The expression is convergent for s < 0, while for s ≥ 0 the integral diveges.
But the Γ-function can analytically continue to the region s > 0 (s 6= integer)
so that the expression is considered as a regularized form for s > 0. This
ensures that the correlator satisfies the relation − ∂
∂µ
≪ O ≫g=≪ OIO ≫g
3
even though s > 0 (s 6= Z+). For the cases that s is zero or positive integer
the correlation function becomes ill-defined. To overcome this problem we
have to go to the bosonized theory perturbed by the cosmological constant
operator and one of the screening charges for matter sector [7].
3 Equation of Motion
We first consider the current ∂φ(z). The Ward identity is then∫
d2z∂¯ ≪ ∂φ(z) O ≫g= 0 . (3.1)
The OPE between ∂φ and the scaling operator Oa (a = I, σ, ε) is naively
caluculated as ∂φ(z)Oa(w) = − αaz−wOa(w).
If the operator ∂φ were primary, there would be no problem. However it
is not primary, which is subject to L1 · ∂φ = Q and Ln · ∂φ = 0 (n ≥ 2), such
that it is transformed as
∂φ(z) =
(
∂z′
∂z
)[
∂′φ′(z′)− Q
2
∂2z
∂z′2
∂z′
∂z
]
. (3.2)
Then we have to pay attention to the curvature singularity. Here we consider
the case that the background metric which is almost flat except for the δ-
function singularities at the positions of the scaling operators as [4]
1
4pi
√
gˆRˆ =
∑
a
νaδ
2(z − za) (3.3)
such that
∑
a νa = χ, where χ = 2− 2g is the Euler number. We then do not
assign the curvature on ∂φ and the potential term.
When we calculate the OPE we need to smooth out the curvature singu-
larity in the neighborhood of the position of the scaling operator, which can
be carried out by using the transformation
z − za = (z′ − z′a)1−νa , or dzdz¯ =
dz′dz¯′
|z′ − z′a|2νa
. (3.4)
After going to the smooth z′-frame, the OPE between ∂φ(z) and Oa(za, z¯a)
is calculated as follows:
dz∂φ(z)Oa(za, z¯a) = dz
′
(
∂′φ′(z′) +
Q
2
νa
1
z′ − z′a
)
O′a(z
′
a, z¯
′
a)
4
=
(
−αa + Q
2
νa
)
dz′
1
z′ − z′a
O′a(z
′
a, z¯
′
a) . (3.5)
The derivative ∂¯ in eq.(3.1) picks up the OPE singularity. For the case
(2.7) we get the following expression:
(
Q
2
χ− n1αI − n2ασ − n3αε − sαI
)
≪ O ≫g= 0 . (3.6)
Here we use the relation
∑
a νa = χ. This equation is trivial, which nothing
but say that s is given by eq.(2.8). This equation stands for that the Liouville
field satisfy the equation of motion
∂¯∂φ(z, z¯) = piαIµe
αIφ(z,z¯) (3.7)
in the interaction picture ≪ · · · ≫.
Here the curvature treatment does well for arbitrary genus, but in general
it breaks down for higher genus because the coordinate transformation (3.4)
is not globally well-defined for higher genus. In the sequence we consider
only the sphere topology.
4 Recursion Relations
In this section we consider more complicated Ward identities which give
informations for correlation functions. Let us introduce the operator of the
form W (z, z¯) = R(z)B¯(z¯), where R(z) has the conformal weight 1 and B(z)
has the weight 0 and they have the same Liouville charge. As non-trivial
operators of B(z), we here consider the following BRST invariant ones:
Bσ(z) =
(
bcσ − 4
2
√
6
∂φσ − 4
3
∂σ
)
e
− 3
2
√
6
φ(z)
(4.1)
and
Bε(z) =
(
bcε− 3
2
√
6
∂φε − 3
4
∂ε
)
e
− 4
2
√
6
φ(z)
, (4.2)
which correspond to the ring elements in the bosonized theory [8–10]. The
divergence of W (z, z¯) is
∂¯W (z, z¯) = R(z){Q¯BRST , [b¯−1, B¯(z¯)]} , (4.3)
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where we use the fact that B¯(z¯) is the BRST invariant operator. The anti-
holomorphic part is BRST-trivial so that the operator W (z, z¯) plays a role
of current.
The operator R(z) has the same Liouville charge as B(z) and the con-
formal weight 1. Therefore the partners of Bσ(z) and Bε(z) should include
the two derivatives. Fitting in our previous work [5], we here take up the
following forms:2
Rσ(z) =
(
7
3
∂2φ− 4√
6
(∂φ)2
)
e
− 3
2
√
6
φ
σ(z) (4.4)
and
Rε(z) =
(
7
4
∂2φ− 3√
6
(∂φ)2
)
e
− 4
2
√
6
φ
ε(z) . (4.5)
These are not the primary operators. In the bosonized theory there exist the
primary states, callled the discrete states, which form the W∞ algebra. In
this paper, however, we do not use the bosonization for the matter sector.
Then such a primary state does not exist so that in this theory the Ward
identities do not have the beautiful structures like the W algebra constraints.
As discussed below the Ward identities have more complicated forms and we
cannot argue them beyond the topology of sphere.
The complexity comes from the non-tensor transformation property of
R(z). The operator Rσ(z) satisfies the equations
L1 · Rσ(z) = Sσ(z) , L2 ·Rσ(z) = 9
4
Tσ(z) , (4.6)
L1 · Sσ(z) = −17
8
Tσ(z) , (4.7)
Ln ·Rσ(z) = 0 (n ≥ 3) and Ln ·Sσ(z) = 0 (n ≥ 2), where Ln = LLn+LMn +LGn
and
LL,M,Gn · A(z) =
∮
Cz
dy
2pii
(y − z)n+1TL,M,G(y)A(z) (4.8)
for some operator A(z). Here TL,M,G(z) are the energy-momentum tensors
for the Liouville, the matter and the ghost sectors respectively. These imply
2We may use the other type of the operator because we here do not impose the primary
conditions.
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that Rσ(z) is transformed as
Rσ(z) =
(
∂z′
∂z
)[
R′σ(z
′)− 1
2
∂2z
∂z′2
∂z′
∂z
S ′σ(z
′)− 3
8
∂3z
∂z′3
∂z′
∂z
T ′σ(z
′)
+
19
64
(
∂2z
∂z′2
)2(∂z′
∂z
)2
T ′σ(z
′)
]
, (4.9)
where Sσ(z) and Tσ(z) are the operators with weights 0 and −1 respectively
defined by
Sσ(z) = L
L
−1 · Tσ(z) , Tσ(z) =
80
3
√
6
e
− 3
2
√
6
φ
σ(z) (4.10)
which is transformed as
Sσ(z) = S
′
σ(z
′) +
17
16
∂2z
∂z′2
∂z′
∂z
T ′σ(z
′) , (4.11)
Tσ(z) =
(
∂z′
∂z
)−1
T ′σ(z
′) . (4.12)
The transformation law of the operator Rε(z) is also given as follows:
Rε(z) =
(
∂z′
∂z
)[
R′ε(z
′)− 1
2
∂2z
∂z′2
∂z′
∂z
S ′ε(z
′)− 17
36
∂3z
∂z′3
∂z′
∂z
T ′ε(z
′)
+
1
3
(
∂2z
∂z′2
)2(∂z′
∂z
)2
T ′ε(z
′)
]
, (4.13)
where
L1 ·Rε(z) = Sε(z) , L2 · Rε(z) = 17
6
Tε(z) , (4.14)
L1 · Sε(z) = −3Tε(z) (4.15)
and
Sε(z) = L
L
−1 · Tε(z) , Tε(z) =
33
2
√
6
e
− 4
2
√
6
φ
ε(z) . (4.16)
4.1 Ward identities for Wσ
We first consider the Ward identities for the current Wσ(z, z¯), which is∫
d2z∂¯ ≪Wσ(z, z¯) O ≫0= 0 (4.17)
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Let us calculate the OPE between the current and the scaling operators.
As discussed in Sect.3 the curvature singularities are assigned on the scaling
operators and we treat them with care. By transforming into the non-singular
frame we get the following OPE:
dzWσ(z, z¯)Oσ(w, w¯)
= dz′
[
R′σ(z
′) +
ν
2
1
z′ − w′S
′
σ(z
′)− 5ν
2 + 24ν
64(z′ − w′)2T
′
σ(z
′)
]
×B¯′σ(z¯′)O′σ(w′, w¯′)
= dz′
1
z′ − w′
(
− 10
9
√
6
)
Cεσσ
(
1− ν − 5
4
ν2
)
O′ε(w
′, w¯′) , (4.18)
where ν is the curvature singularity assigned on Oσ. In order to smooth
away it we use the coordinate transformation (3.4) and the transformation
law of Rσ(z) (4.9). The OPE’s of the current with OI and Oε do not give
any contribution.
The derivative ∂¯ in eq.(4.16) picks up the OPE singularity calculated
above and also produce the following correlator:
≪
∫
d2z∂¯Wσ(z, z¯) O ≫0 , (4.19)
where the anti-holomorphic part of ∂¯Wσ(z, z¯) is BRST-trivial (4.3). So this
correlator usually would vanish. However, as discussed in the previous pa-
pers [4, 5, 7], the boundary of moduli space is now dangerous and this cor-
relator gives an anomalous contribution.
Using the factorization formula, we can calculate such a contribution. We
need to evaluate the following expression:
κ2
∞∑
N=1
∑
∆
∫ ∞
−∞
dp
2pi
≪ O1
∫
|z|≤1
d2z∂¯Wσ(z, z¯)
×D| − p,∆;N ≫0≪ p,∆;N |O2 ≫0 (4.20)
where ∆ = 0, 1
16
and 1
2
. D is the propergator. The intermediate state is the
normalizable eigenstate of the Hamiltonian H = L0+ L¯0 with the eigenvalue
p2 + Q
2
4
+ 2(∆ +N − 1). For N = 0 it is given by
|p,∆ >= e(ip+Q2 )φ(0,0)Φ∆(0, 0)|0 >L,M ⊗c¯1c1|0 >G , (4.21)
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where Φ∆ = I, σ, ε. N 6= 0 states are their descendants. The normalization
is
≪ p′,∆′;N ′|p,∆;N ≫0= κ−22piδ(p+ p′)δ∆,∆′δN,N ′ . (4.22)
The zero mode integral of the Liouville field now produces the δ-function.
The propagator is defined by
D =
∫
|z|≤1
d2z
|z|2 z
L0 z¯L¯0 = 2pi
(
1
H
− lim
τ→∞
1
H
e−τH
)
, (4.23)
where we introduce the regulator at |z| = e−τ . The last term stands for
the boundary of moduli space. Since the BRST charge commutes with the
Hamiltonian there is no contribution from 1/H term. The boundary term is
now dangerous. So we evaluate the following quantity carefully:
lim
τ→∞κ
2
∑
∆
∫ ∞
−∞
dp
2pi
∫
e−τ≤|z|≤1
d2z ≪ O1 Rσ(z)[b¯−1, B¯σ(z¯)]
×Q¯BRST
(
−2pi
H
e−τH
)
| − p,∆;N ≫0≪ p,∆;N |O2 ≫0 ,(4.24)
where we omit N 6= 0 modes because, as discussed below, these modes vanish
at τ →∞. Noting
Q¯BRST
(
−2pi
H
e−τH
)
| − p,∆ >= −pi∂¯c¯(0)e−τH | − p,∆ > (4.25)
and
[b¯−1, B¯σ(z¯)] = −b¯(z¯)e−
3
2
√
6
φ(z¯)
σ(z¯) , (4.26)
we obtain the expression
lim
τ→∞κ
2
∑
∆
∫ ∞
−∞
dp
2pi
piCσ∆∆′Aσ(p,∆)e
−τ(p2+Q2
4
+2∆−2)
×
∫
e−τ≤|z|≤1
d2z|z|2{−2+ 32√6 (−ip+Q2 )− 116−∆+∆′}
× ≪ O1| − p+ i 32√6 ,∆′ ≫0≪ p,∆|O2 ≫0 , (4.27)
where Cσ∆∆′ is the OPE coefficient for the matter sector defined by eq.(2.3).
When the correlator is divided into two on sphere, the curvature singularity is
induced at the state |−p,∆≫ to ensure that the Euler number is 2 for sphere.
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We here describe the induced curvature on the state as νp. Simultaneously
the curvature 2−νp is induced at the state≪ p,∆|. The coefficient Aσ(p,∆),
which comes from the Liouville sector, is given as follows:
Aσ(p,∆) =
7
3
(
−ip + Q
2
)
− 4√
6
(
−ip+ Q
2
)2
+
10
3
νp
(
−ip+ Q
2
)
− 80
3
√
6
5ν2p + 24νp
64
. (4.28)
Changing the variable to z = e−τx+iθ, where 0 ≤ x ≤ 1 and 0 ≤ θ ≤ 2pi,
the above expression is rewritten as
lim
τ→∞κ
2
∑
∆
∫ ∞
−∞
dp
2pi
∫ 1
0
2piτdx piCσ∆∆′ A(p,∆)
× ≪ O1| − p+ i 32√6 ,∆′ ≫0≪ p,∆|O2 ≫0 exp
[
−τ
{
p2 + 1
24
+ 2∆
+2x
(
3
2
√
6
(
−ip + Q
2
)
− 1− 1
16
−∆+∆′
)}]
. (4.29)
Since the exponential term is highly peaked in the limit τ →∞, the saddle
point estimation becomes exact. The saddle point of the p integral is p =
i 3
2
√
6
x, so that (4.29) becomes
lim
τ→∞κ
2
∑
∆
piτ
√
2pi
2τ
∫ 1
0
dx Cσ∆∆′ A
(
i 3
2
√
6
x,∆
)
× ≪ O1|i 32√6(1− x),∆′ ≫0≪ i 32√6x,∆|O2 ≫0
× exp
[
−τ
{
3
8
x2 −
(
3
8
+ 2∆− 2∆′
)
x+ 1
24
+ 2∆
}]
. (4.30)
x integral is also evaluated at the saddle point
x =
1
6
(3 + 16∆− 16∆′) . (4.31)
From the fusion rules (2.3) the possible pairs of (∆,∆′) are (0, 1
16
), (1
2
, 1
16
),
( 1
16
, 0) and ( 1
16
, 1
2
). In order to get non-vanishing contributions it is necessary
that the saddle point is located within the interval 0 ≤ x ≤ 1. Thus only two
10
cases (0, 1
16
) and ( 1
16
, 0) survive. For (0, 1
16
) the saddle point is x = 1
3
and we
obtain
− pi2κ28
9
(
5
4
νp − 1
)2
≪ O1 Oσ ≫0≪ OI O2 ≫0 . (4.32)
For ( 1
16
, 0) the saddle point is x = 2
3
and we get
− pi2κ22
(
5
6
νp − 1
)2
≪ O1 OI ≫0≪ Oσ O2 ≫0 . (4.33)
Replacing ∆ and ∆′ with ∆ + N and ∆′ + N in the expression (4.29),
we can see that the contributions from oscilation modes vanish exponentially
as e−2Nτ . Combining the results (4.32) and (4.33) we obtain the following
expression:
≪
∫
d2z∂¯Wσ(z, z¯)
∏
a∈S
Oa ≫0=
−pi
2κ2
2
∑
S=X∪Y
[
8
9
(
5
4
νp − 1
)2
≪ Oσ
∏
b∈X
Ob ≫0≪ OI
∏
c∈Y
Oc ≫0
+2
(
5
6
νp − 1
)2
≪ OI
∏
b∈X
Ob ≫0≪ Oσ
∏
c∈Y
Oc ≫0
]
, (4.34)
where the factor 1
2
in r.h.s. corrects for double counting. The induced cur-
vature νp satisfies the relation
νp +
∑
b∈X
νb = 2 . (4.35)
Note that νp also satisfies the relation 2 − νp + ∑c∈Y νc = 2 because of∑
a∈S νa = 2. The first and the second terms of the r.h.s. of eq.(4.34) are
symmetric under the interchange νp ↔ 2− νp.
Let us first consider the case of O = ∏nOσ. To write down the expression
we have to specify the assignment of the curvature singularity. The expression
depends on the assignment, but the solution is independent of how to choose
it. Here we properly assign the curvatures νa (a = 1 · · ·n) on n Oσ operators,
where
∑n
a=1 νa = χ = 2. Then we get
pi
(
− 10
9
√
6
)
Cεσσ
(
n− 2− 5
4
n∑
a=1
ν2a
)
≪ Oε
n−1∏
Oσ ≫0
11
− pi√
6
λ1
n∑
k=0
[
2
(
n− 2
k
)
+
8
9
(
n− 2
k − 2
)
− 8
3
(
n− 2
k − 1
)
(4.36)
+
25
18
(
n− 2
k − 1
)
n∑
a=1
ν2a
]
≪
k+1∏
Oσ ≫0≪ OI
n−k∏
Oσ ≫0= 0 ,
where
λ1 =
√
6piκ2 . (4.37)
This equation is valid for n ≥ 3. The n = 2 equation is trivially satisfied
due to the vanishing of the corrlators with odd numbers of Oσ. The n = 1 is
ill-defined as discussed in the last of Sect.2. The factorization form is given
as follows. The sum over k stands for choosing k operators which form the
set X out of n Oσ’s in the set S. Then we have the following formulas:
∑
S=X∪Y
=
n∑
k=1
∑
{X}k
, (4.38)
and
∑
{X}k
1 =
(
n
k
)
,
∑
{X}k
∑
a∈X
νa =
(
n− 1
k − 1
)
χ ,
∑
{X}k
(∑
a∈X
νa
)2
=
(
n− 2
k − 2
)
χ2 +
(
n− 2
k − 1
)
n∑
a=1
ν2a , (4.39)
where
∑
{X}k is taken over all possibility of choosing k out of n Oσ’s. Using
eq.(4.35) and above formulas for sphere χ =
∑n
a=1 νa = 2, we obtain the
expression (4.36).
Let us next consider the the case of O = Oσ∏nOI . Here we assign the
curvatures only on n OI operators. Then we get
pi2κ2
n∑
k=0
[
2
(
n− 2
k
)
+
8
9
(
n− 2
k − 2
)
− 1
3
(
n− 2
k − 1
)
(4.40)
+
25
18
(
n− 2
k − 1
)
n∑
a=1
ν2a
]
≪ OσOσ
k∏
OI ≫0≪
n−k+1∏
OI ≫0= 0 ,
where we use ≪ Oε∏nOI ≫0= 0. This equation is valid for n ≥ 3. This
equation is, however, rather trivial. For n < 3 the correlator ≪ Wσ O ≫0
becomes ill-defined.
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4.2 Ward identities for Wε
In this subsection we consider the Ward identities for the currentWε(z, z¯).
The OPE between Wε(z, z¯) and the scaling operators which contributes to
the Ward identities is
dzWε(z, z¯)OI(w, w¯)
= dz′
[
R′ε(z
′) +
ν
2
1
z′ − w′S
′
ε(z
′)− 5ν
2 + 17ν
36(z′ − w′)2T
′
ε(z
′)
]
×B¯′ε(z¯′)O′I(w′, w¯′)
= dz′
1
z′ − w′
(
− 3
16
√
6
)(
1 +
11
18
ν − 55
18
ν2
)
O′ε(w
′, w¯′) , (4.41)
where ν is the curvature singularity assigned on OI .
We also need to calculate the following OPE that Wε(z, z¯) and two Oσ’s
get together and produce OI :
dzWε(z, z¯)Oσ(0, 0)
∫
d2wVσ(w, w¯) = dz
′ 1
z′
C(νa, νb)O
′
I(0, 0) , (4.42)
where νa and νb are the curvature assigned on two Oσ’s. The coefficient
C(νa, νb) are calculated as follows. For the holomorphic part we get
dzRε(z)Oσ(0) dwVσ(w)
= dz′
[
R′ε(z
′) +
1
2
(
νa
z′
+
νb
z′ − w′
)
S ′ε(z
′)
− 1
36
(
5ν2a + 17νa
z′2
+
5ν2b + 17νb
(z′ − w′)2 +
10νaνb
z′(z′ − w′)
)
T ′ε(z
′)
]
×O′σ(0) dw′V ′σ(w′) , (4.43)
where, to go to the non-singular frame, we use transformation law of Rε(z)
(4.13) and the coordinate transformation defined by
∂z
∂z′
= (z′ − z′a)−νa(z′ − z′b)−νb (4.44)
with z′a = 0 and z
′
b = w
′. After contracting all operators we get
1
24
√
6
dz′
[
(30− 22νa − 55ν2a)
1
z′2
+ (30− 22νb − 55ν2b )
1
(z′ − w′)2
13
+(−150 + 165(νa + νb)− 110νaνb) 1
z′(z′ − w′)
]
×z′ 13 (z′ − w′) 13w′− 23 dw′dεσσO′I(0) , (4.45)
where Cεσσ = dεσσd¯εσσ. The calculation of the anti-holomorphic part is rather
simple because B¯ε(z¯) is the BRST invariant operator with weight 0 such that
it is transformed as a scalar. The result is
B¯ε(z¯)Oσ(0) dw¯Vσ(w¯)
=
1
z¯′ − w¯′ z¯
′ 1
3 (z¯′ − w¯′) 13 w¯′− 23 dw¯′d¯εσσO′I(0) . (4.46)
Combining the holomorphic and the anti-holomorphic parts and carrying out
the w-integral, we get
C(νa, νb) = − 5√
6
pi
(
Γ(1
3
)
Γ(2
3
)
)3
Cεσσ
[
1− 77
60
(νa + νb)
+
11
48
(ν2a + ν
2
b ) +
11
12
νaνb
]
. (4.47)
To derive this expression we use the following integral formula:
In =
∫
d2y|y|− 43 |1− y|− 43 (1− y)n
= pi
Γ(1
3
)2Γ(1
3
+ n)
Γ(2
3
)2Γ(2
3
+ n)
. (4.48)
The anomalous correlator including the operator ∂¯Wε(z, z¯) is evaluated as
in the same way discussed in Sect.4.1. Here we do not repeat the calculation.
The result is
≪
∫
d2z∂¯Wε(z, z¯)
∏
a∈S
Oa ≫0
=
pi2κ2
2
∑
S=X∪Y
Cεσσ
1
48
[
1− 55(νp − 1)2
]
× ≪ Oσ
∏
b∈X
Ob ≫0≪ Oσ
∏
c∈Y
Oc ≫0 , (4.49)
where νp is the induced curvature which satisfies eq.(4.35).
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Let us consider the Ward identity of the type: O = ∏nOσ. Then the
curvature νa (a = 1, · · ·n) are assigned on n Oσ’s (n ≥ 1). Using the results
calculated above we get the following equation:
pi
3
16
√
6
µ≪ Oε
n∏
Oσ ≫0
− pi√
6
λ2Cεσσ
[
1
2
n(n− 1)− 77
30
(n− 1) + 11
6
(4.50)
+
11
48
(n− 3)
n∑
a=1
ν2a
]
≪ OI
n−2∏
Oσ ≫0
− pi
2
√
6
λ1Cεσσ
n∑
k=0
[
54
48
(
n
k
)
− 55
48
(
n− 2
k − 1
)(
4−
n∑
a=1
ν2a
)]
× ≪
k+1∏
Oσ ≫0≪
n−k+1∏
Oσ ≫0= 0 ,
where λ1 is defined by (4.37) and
λ2 = 5pi
(
Γ(1
3
)
Γ(2
3
)
)3
. (4.51)
The first term comes from the OPE between the current and the potential
OI . To derive the second expression we use the relations
∑n
a=1 νa = 2 and∑n
a,b=1 (a6=b) νaνb = 4 −
∑n
a=1 ν
2
a . This equation is defined for n ≥ 1, but it
becomes trivial for odd n due to the vanishing of correlators including the
odd numbers of Oσ by the fusion rules.
The above equation and eqs.(4.36) and (4.40) have already derived in the
previous paper [5]. Here we make clear the derivation of these equations and
give the explicit calculation of (4.47). If O includes Oε we have to add the
following type of boundary contribution:
lim
τ→∞κ
2
∑
∆
∫ ∞
−∞
dp
2pi
≪ O1
×
{∫
e−τ≤|z|≤1
d2z∂¯Wε(z, z¯)
∫
|w|≤|z|
d2wVε(w, w¯) (4.52)
+
∫
e−τ≤|z|≤1
d2zVε(z, z¯)
∫
|w|≤|z|
d2w∂¯Wε(w, w¯)
}
×−2pi
H
e−τH | − p,∆≫0≪ p,∆| O2 ≫0 .
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This contribution is calculated by using the technique developed in (4.24)
and (4.42). As a result we must add the following term to r.h.s. of eq.(4.49):
−5
2
pi3κ2
(
Γ(1
3
)
Γ(2
3
)
)3[
1− 11
6
νp − 209
150
ν +
11
12
ν2p (4.53)
+
11
30
ν2 +
11
12
νpν
]
≪ Oˇ1OI ≫0≪ OI Oˇ2 ≫0 .
Here ν is the curvature assigned on the operator Oε and νp is that induced
at the state | − p,∆ ≫. The check symbol ∨ on O1 and O2 stands for the
exclusion of the operator Oε. The Γ-functions come from the w-integrals.
The integrals of p and z are evaluated by using the saddle point method.
Let us consider the case of O = Oε∏nOI . The curvatures are assigned
only on n OI ’s (n ≥ 1). Then, using the result (4.53) with ν = 0, we get 3
pi
3
16
√
6
µ≪ OεOε
n∏
OI ≫0
−pi 3
16
√
6
(
n +
11
9
− 55
18
n∑
a=1
ν2a
)
≪ OεOε
n−1∏
OI ≫0
− pi
4
√
6
λ3
n∑
k=0
[(
n
k
)
− 11
12
(
n− 2
k − 1
)(
4−
n∑
a=1
ν2a
)]
(4.55)
× ≪
k+1∏
OI ≫0≪
n−k+1∏
OI ≫0= 0 ,
where
λ3 =
1
2
4
√
6
5
2
pi2κ2
(
Γ(1
3
)
Γ(2
3
)
)3
= λ1λ2 . (4.56)
The factor 1
2
in the middle of eq.(4.56) corrects for double counting.
3If we assign the curvature only on Oε, we then get
pi
3
16
√
6
µ≪ OεOε
n∏
OI ≫0 −pi 3
16
√
6
n≪ OεOε
n−1∏
OI ≫0
+pi
2
25
√
6
λ3
n∑
k=0
(
n
k
)
≪
k+1∏
OI ≫0≪
n−k+1∏
OI ≫0= 0 (4.54)
for n ≥ 0, where we use the formula (4.53) with ν = 2 and νp = 0.
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If we take O = Oε∏nOσ and assign the curvatures on n Oσ’s, we get
pi
3
16
√
6
µ≪ OεOε
n∏
Oσ ≫0
− pi√
6
λ2Cεσσ
n∑
k=0
[
1
2
n(n− 1)− 77
30
(n− 1) + 11
6
+
11
48
(n− 3)
n∑
a=1
ν2a
]
× ≪ OIOε
n−2∏
Oσ ≫0
− pi√
6
λ1Cεσσ
n∑
k=0
[
54
48
(
n
k
)
− 55
48
(
n− 2
k − 1
)(
4−
n∑
a=1
ν2a
)]
(4.57)
× ≪ Oε
k+1∏
Oσ ≫0≪
n−k+1∏
Oσ ≫0
− pi
4
√
6
λ3
n∑
k=0
[(
n
k
)
− 11
12
(
n− 2
k − 1
)(
4−
n∑
a=1
ν2a
)]
× ≪ OI
k∏
Oσ ≫0≪ OI
n−k∏
Oσ ≫0= 0 .
This equation is valid for n ≥ 4. n = 2 is ill-defined and n = odd is trivial.
Until now we introduce the three independent parameters, µ and two of
λj (j = 1, 2, 3), which are related to the normalizations of the three scal-
ing operators. The normalization of OI is fixed by the equation − ∂∂µ ≪
O ≫0=≪ OI O ≫0. If we change the normaizations of Oσ and Oε into
O˜σ = xOσ and O˜ε = yOε, and simultaneously λj into λ˜1 = (y/x
2)λ1,
λ˜2 = x
2yλ2 and λ˜3 = y
2λ, the recurion relations do not change the forms
and they also satisfy the relation λ˜3 = λ˜1λ˜2.
5 Solutions of Recursion Relations
In this section we give the several solutions of the recursion relations
(4.36), (4.50), (4.55) and (4.57) and compare them with the results of the
matrix model. These equations are satisfied independently of the value of∑n
a=1 ν
2
a for n ≥ 2 because how to assign the curvature singularities is com-
pletely arbitrary. For n = 1, however, it is fixed to the value
∑
a ν
2
a = ν
2
1 = 4.
For simplicity we here use the following notation:
≪
n1∏
OI
n2∏
Oσ
n3∏
Oε ≫0=<
n1∏
I
n2∏
σ
n3∏
ε > . (5.1)
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Let us write down the first several of eq.(4.36). From n = 3 we get the
following two equations:
5Cεσσ < εσσ > −3λ1 < σσ >< σσI > +4λ1 < σσσσ >< I > = 0(5.2)
Cεσσ < εσσ > −λ1 < σσ >< σσI > = 0 .(5.3)
The second comes from the coefficients in front of
∑
a ν
2
a . The n = 4 equation
is now trivial. The n = 5 equation gives
15Cεσσ < εσσσσ > +15λ1 < σσ >< σσσσI > (5.4)
−15λ1 < σσσσ >< σσI > +4λ1 < σσσσσσ >< I >= 0
and, from the coefficient in front of
∑
a ν
2
a,
− Cεσσ < εσσσσ > +λ1 < σσ >< σσσσI > +3λ1 < σσσσ >< σσI >= 0 .
(5.5)
Next we write down the first several of eq.(4.50). From n = 2, we obtain
the following two equations:
3
16
µ < εσσ > − 4
15
λ2Cεσσ < I > +
7
6
λ1Cεσσ < σσ >
2 = 0 , (5.6)
2λ2 < I > −5λ1 < σσ >2 = 0 . (5.7)
From n = 4 we get
3
16
µ < εσσσσ > − 2
15
λ2Cεσσ < σσI > +
1
12
λ1Cεσσ < σσ >< σσσσ >= 0
(5.8)
and
λ2 < σσI > +5λ1 < σσ >< σσσσ >= 0 . (5.9)
Furthermore, from n = 1 of (4.55), we obtain 4
− 3µ < εεI > −30 < εε > +8λ3 < I >< II >= 0 . (5.10)
Noting that < I O >= − ∂
∂µ
< O > such that < σσ >= −(3/2)µ <
σσI > , < 1 >= −(3/7)µ < I >= (9/28)µ2 < II > , < εε >= −3
5
µ <
εεI > and so on, we obtain the folllowing normalization independent ratio:
< εσσ >2< 1 >
< εε >< σσ >2
=
20
7
λ1λ2
λ3
C2εσσ =
5
7
. (5.11)
4This equation is the same as the n = 0 equation of (4.54) essentially.
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Here we use eqs.(5.6), (5.7), (5.10) and the relation (4.56) and C2εσσ =
1
4
.
The same result is also derived by using eqs.(5.3) instead of (5.6). It is just
a consistency check of the result. This value agrees with that derived by the
other methods [14, 13, 6]. From (5.9) and (5.7) we get
< σσσσ >< 1 >
< σσ >2
= −1
7
. (5.12)
It is easily checked that the same result is given by using (5.2), (5.3) and (5.7).
This also agrees with the result derived by Crnkovic´ et. al. [13]. Furthermore
we get following values:
< εσσσσ >2< 1 >3
< εε >< σσ >4
=
45
1372
(5.13)
by using eq.(5.5) or (5.8) and
< σσσσσσ >< 1 >2
< σσ >3
= −15
98
(5.14)
by using eq.(5.4).
From n = 4 of eq.(4.57) we get
3
16
µ < εεσσσσ > − 2
15
λ2Cεσσ < εσσI >
+
1
12
λ1Cεσσ < εσσ >< σσσσ > +
1
12
λ1Cεσσ < εσσσσ >< σσ >
−1
2
λ3 < σσσσI >< I > +
1
3
λ3 < σσI >
2= 0 . (5.15)
The equation coming from the coefficients in front of
∑
a ν
2
a does not give
any new information, which is automatically satisfied by using the equations
listed above. From (5.15) we obtain
< εεσσσσ >< 1 >2
< εε >< σσ >2
= −15
98
. (5.16)
6 Summary and Discussion
In this paper we discussed the recursion relations of the Liouville gravity
coupled to the non-bosonized Ising matter satisfying the fusion rules and
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found out a closed set of them. They have three independent parameters, µ
and two of λj (j = 1, 2, 3) satisfying the relation λ3 = λ1λ2, which are related
to the normalizations of the three scaling operators OI , Oσ and Oε. We
obtained some solutions and computed the normalization independent ratios.
The results agree with those calculated in the other methods [13, 14, 6].
The difference from the theory using the bosonized matter is whether the
gravitational descendants other than σ1(Oσ) = Oε appear in the recursion
relations or not. If we replace σ and ε in (2.4), (4.1-2) and (4.4-5) into the
bosonized forms5 and introduce a screening charge in the definition of the
correlation functions as in ref. [7], σ1(OI) will appear and some of the OPE
coefficients are changed 6. Conversely the disappearance of these operators
indicates that the fusion rules are satisfied.
In exchange for the disappearance of the gravitational descendants other
than Oε, we encounter the demerit that the correlators
≪ Oε ≫0 , ≪ OεOI ≫0 , ≪ OεOIOI ≫0 , (6.1)
≪ OεOεOεOε ≫0 , ≪ OεOεOεOεOI ≫0 , ≪ OεOεOσOσ ≫0 ,
which have zero or positive integer s, and also ≪ OεOεOε ≫0, whose Liou-
ville part diverges, become ill-defined. When the recursion relations include
such a correlator they become inconsistent, or there is no solution satisfying
them independently of how to assign the curvature singularities. This make
impossible to calculate the correlators including more than and equal three
Oε’s.
We do not know how to regularize these correlators. The attempt to de-
termine the values of these correlators by imposing the requirement that the
equations are naively extended to the case which include them, for instance
n = 1 of eq.(4.36), does not do well. There is no solutions satisfying such a
requirement.
To make these correlators well-defined we have to go to the bosonized the-
ory perturbed by the cosmological constant operator and one of the screening
5In the bosonized theory there exist the physical operators satisfying the W∞ algebra
as for R(z) [8]. So there is no reason to use the operators of type listed in (4.4-5) in the
bosonized theory.
6If we use the W∞ currents with the same Liouville charges as (4.4-5) instead, we fur-
thermore encounter the gravitational descendants σ3(OI) and σ3(Oσ) because the OPE’s
between the currents and the screening charge operator do not vanish [7].
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charges of matter sector [7]. Then the factor Γ(−s)/n! = Γ(−s)/Γ(n + 1)
satisfying the relation s+n+N = χ = 2 appears in the definition of correla-
tor, where Γ(−s) and 1/n! = 1/Γ(n+ 1) come from the zero mode integrals
of the Liouville and the matter fields respectively and N is the number of the
scaling operators in≪ · · · ≫0. So the divergence of Γ(−s) at s ∈ Z≥0 cancels
out with Γ(n + 1) in the case listed in (6.1). The correlator ≪ OεOεOε ≫0
become finite in rather different way as discussed by Kitazawa in ref. [6].
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